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Abstract 

We consider a consider the case of a compact manifold Af , together with the foUowing data: 
the action of a compact Lie group H and a smooth i?-invariant distribution such that the 
i?-orbits are transverse to E. These data determine a natural equivariant differential form with 
generalized coefficients J'{E,X) whose properties we describe. 

When E is equipped with a complex structure, we define a class of symbol mappings a in 
terms of the resulting almost-CR structure that are iJ-transversally elliptic whenever the action 
of H is transverse to E. We determine a formula for the i?-equivariant index of such symbols that 
involves only J{E, X) and standard equivariant characteristic classes. This formula generalizes 
the formula given in [9j for the case of a contact manifold. 

1 Introduction 

Let M be compact manifold equipped with an action ^ : H ^ Diff(M) of a compact Lie group 
H, and suppose we are given a smooth, iJ-invariant distribution E C TM whose anihilator 
^0 T*AI satisfies the following conditions: 

(i) E'^ is oriented 

(ii) E^r\T*fjM^Q, 

where T^M C T*M denotes the space of covectors orthogonal to the i/-orbits. Property (i) is 
the statement that E is co-oriented. When the pair <&) satisfies property (ii), we say that 
the action of H is transverse to E. 

When a pair [E, $) satisfying properties (i) and (ii) exists, it is possible to define a natural 
equivariant differential form with generalized coefficients J{E,X) that depends only on the 
distribution E and the action as follows: 

Denote by 9 the canonical 1-form on T* M , and let i : E° T* M and q : E^ ^ M denote 
inclusion and projection, respectively. We denote by D9{X) ~ d9 ~ l{X)9 the equivariant 
differential of 9. We then define 

J{E, X) = {2mfq^i*e'°^^^^ for any X G f), (1) 

where k = rankiS'^ and denotes integration over the fibres of E'^ . The assumption that 
the action of on M is transverse to E implies that this fibre integral is well-defined as an 
oscillatory integral in the sense of Hormander [lO, , and determines an equivariant differential 
form with generalized coefficients on M . 

This form is an extension to distributions of higher corank of the form a/\5Q{Da{X)) defined 
in [9] for the case of a contact distribution E = kera. If one carries out the fibre integral in ([T]) 
locally, in terms of some frame ex = (ai, . . . , a^) for E'^, one obtains the expression 

J{E,X) = akA---Aai5oiDa{X)), (2) 
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where Sq denotes the Dirac delta function on R*^. Using the properties oiSo, one can show directly 
that the expression ([2]) is independent of the choice of frame a, and that DJ{E,X) = 0. Let 
TT, r and s be the projections given by the following diagram: 

T*M E* 

TT 

M 

Let W = W"*" © yV~ ^ M be an iJ-equivariant Z2-graded vector bundle, and suppose we have 
a symbol 

a : Tr*W+ ^ tt*W- , 

on T*M such that a — r*aE^ for some symbol (Je ■ s*yV+ s*W^ defined on E* . If ctb is 
elliptic, then Supp(cr) ~ and the assumption that the action of H is transverse to E implies 
that Supp(cr) n T^M = 0, whence a satisfies Atiyah's definition of an _ff-transversally elliptic 
symbol [1]. 

Example. If M is a Cauchy-Riemann (CR) manifold, and E is the real distribution underlying 
the CR distribution Ei^q C TM (g) C, then one such a is the principal symbol of db + di,, where 
db is the tangential CR operator. A related example is the symbol of the differential operator 
constructed in [3] for contact manifolds. In either of these cases, it is necessary that the H- 
action be transverse to E in order to define the equivariant index of the symbol. An example 
of such an action occurs in the case of a Sasakian manifold {M,E,g): the action of the group 
of isometrics of {M,g) is always transverse to E, since the Reeb field is Killing [6J. 

Example. Given a principal _ff-bundle tt : M ^ B, we let E = tt*TB be the horizontal 
distribution with respect to some choice of connection. Then, if cfb is an elliptic symbol on 
T*B, its puUback to T*M will be transversally elliptic. This example was studied in detail by 
Berline and Vergne [S] , and extended by Vergne to the case of a locally free action [52] . The 
formula we give below can be thought of as a further extension of these results to a broader 
class of group actions. 

Since the symbols we consider are _ff-transversally elliptic, their 7J-equivariant index is de- 
fined as a generalized function on H JLj . Cohomological formulas for this index have been given 
by Berline and Vergne [H [5] , and recently, by Paradan and Vergne [20] . Both formulas involve 
the integral over T*M of certain characteristic equivariant forms. The earlier formula has the 
difficuly of requiring the integration of forms without compact support, while the newer formula 
requires a choice of cutoff function. By integrating over the fibres of T*M, we obtain a formula 
for the index as an integral over M which is free of both choices and growth conditions. 

We then specialize to the case of an iJ-invariant almost-CR structure E(E)C = i?i,o © i?o,i C 
TM (g) C. If we let W = /\E'^'^, then we can construct an H-transversally elliptic symbol 
a : 7r*>V+ tt*W~ that depends only on E* . The integral over the fibres of T*M of the 
corresponding Chern character can be computed explicitly in terms of equivariant characteristic 
classes on Af , giving: 

Theorem. Let V ^ M be an H-equivariant Hermitian vector bundle on M , and let cry denote 
the symbol (T(8)Idv on 7r*yV(g) V. Then the H-equivariant index ofay is the generalized function 
on H whose germ at I £ H is given, for AT G [) sufficiently small, by 

index" {av){e^)= f (2^)-'^''^^^^ Td{E, X)A^{E'' , X)J{E, X) Ch(V)iX), (3) 

with similar formulas near other elements h £ H. 
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This formula is similar to the one obtained in [S] for contact manifolds, with the exception 
of the term A'^{E^, X), whose appearance in this formula reflects the fact that need not be 
trivial in general. 

As an application, suppose we are given a complex homogeneous space H/K, and a uni- 
tary if-representation r : /sT — > End(yr)- The associated vector bundle Vr ~ H XkVt is 
holomorphic, and one may define two different induced representations of H: the Frobenius 
induced representation ind^(T) on the space of L^-sections of Vr, and the holomorphic induced 
representation hol-ind^ on the space of holomorphic sections of Vr ■ 

A formula for the character of indj^(r) was given by Berline and Vergne [3] as the H- 
equivariant index of the zero symbol, while the character of hol-ind^(r) is the iJ-equivariant 
index of the elliptic Dolbeault-Dirac operator (given by the equivariant Riemann-Roch formula) . 

We can, by varying the rank of E', view both of these formulas as special cases of our formula 
([3]), for V ^ Vt- When E = 0, we have ct = 0, and obtain the Berline- Vergne formula for the 
character of md^{T). When E — TM , a becomes the symbol of the Dolbeault-Dirac operator, 
giving the character of hol-ind^ (r) . 

2 Transverse group actions 

Let M be a differentiable manifold, and E C TM a given distribution. Suppose that a compact 
Lie group El acts on M preserving E, and let [)a/ C TM denote the set of vectors tangent to 
the orbits of El in M. 

Definition 2.1. We say the action of H on M is transverse to E if E + t)M = TM. 

Let e e A^{T*M) denote the canonical 1-form on T*M, and let fg : T*M t)* denote 
the corresponding moment map. We denote by T^M = fg^{0) the set of covectors orthogonal 
to the _ff-orbits. We may then equivalently define the action of H to be transverse to E if it 
satisfies 

T^jM HE" = {0}. (4) 

Remark 2.2. The assumption of transversality implies that ranki?° < dimH. In the case that 
ranki?'^ = dimH, the action of H on M is locally free. More precisely, at any x e M, one has 
ranki?*^ < dimH — dimH^, whence ranki?" = dimiJ implies that dimHx = 0. A sub-bundle 
E that is transverse to the i?-orbits is then the space of horizontal vectors with respect to some 
choice of connection, and the anihilator E'^ — M xi)* is trivial. We are then in the same setting 
considered in [5j in the case of a free action, or [22] , in the orbifold setting (see Section 16.31 
below). We are thus considering a broader class of group actions in this paper, since any locally 
free action will be transverse to a horizontal distribution, but not all actions satisfying ^ are 
locally free. 

Given the action of a group 77 on a set V and any h G H, we let V{h) — {v G V\h ■ v = v} 
denote the corresponding set of elements fixed by the 77-action. For example, if _ff is a Lie 
group, then H{h) denotes the centralizer of h in H, and i){h) denotes its Lie algebra, the set of 
points fixed by h under the adjoint action. If _ff is a compact Lie group acting on a manifold 
M, we have the decomposition 

TM\Mih)^TMih)(B^^, 

where TM (h) — ker(/i — Id) denotes the points in TM fixed by the action of h, and A/" = 
im{h — Id) denotes the normal bundle. From the corresponding action on T*M , we have the 
canonical identification T*(Af (ft,)) = {T*M){h). With respect to the action of oiiT*M{h), 
we note the following lemmas: 

Lemma 2.3. T, Lemma 19] 
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1. The canonical 1-form 9^ on T*M{h) is the pullhack under inclusion of the canonical 1-form 
on T*M. 

2. The corresponding moment map fgh : T*M{h) — > l)*{h) is given by the restriction of fe to 
T*M{h). 

3. T*^^^^M{h) = /,-i(0) = {T*HM){h). 

Lemma 2.4. For any h G H , we have the identification 

()M(/i)-t)WM. (5) 

Proof. At any x € M we have that (jmU — h/^x- Choose an iJ^^-equivariant spUtting s : t)/i)x 
i) of the exact sequence 

^ t).. ^ t) ^ f)/t). ^ 0. 

By the equivariance of s, we thus have s ((f)/[)a;) (/i)) C i}{h), whence t)Af(/i) C [){h)M- The 
opposite inclusion is clear, and thus the result follows. □ 

Proposition 2.5. // the action of H on M is transverse to E d TM , then for any h G H . the 

action of H{h) on M{h) is transverse to E{h) C TM{h). 

Proof. If H acts on M transverse to E, then we have 

TM{h) ^{E + \)M){h) - E{h) + \)M{h) = E{h) + (,(/i)m, 
by averaging with respect to the subgroup generated by h, and then using Lemma l2.4l □ 

3 Equivariant differential forms with generalized coeffi- 
cients 

Let iV be a smooth manifold, not necessarily compact, equipped with the action of a Lie group 
G. Let A°"{q, N) denote the complex of smooth equivariant differential forms on N . These are 
the smooth maps a : g = Lie(G) ■A{N) that are equivariant with respect to the actions of G 
on Q and N . The space A°°{q, N) is equipped with the equivariant differential given by 

{Da){X) = d{a{X)) - i{XN)a{X), 

for any X e g, where l{Xm) is contraction by the fundamental vector field on N generated 
by the infinitesimal action of X G g. We can pass to the complex A~°°{QtN) of equivariant 
differential forms with generalized coefficients by allowing G-equivariant C^°° maps from q to 
A{N) [12 . That is, a G ^^°°(0, N) if for any compactly supported test function G C°"{q), the 

pairing / a{X)(f){X)dX defines a smooth differential form on N . The equivariant differential 

D extends to A''°°{q^N), and in either space we have = 0, so that one may define the 
equivariant cohomology spaces TC^°°{q,N). 

Example 3.1. Let G — act on = 5^ by rotation. Suppose a G A^°° {g, N) has odd 
degree. Then a(^) = fi^T 11)^11, where / depends smoothly on the coordinate rj on N, and 
distributionally on the G coordinate ^. Then Da{(,) — ^f{^,ri), so that Da = if and only if 
fi^iV) — ^('7)^('?) fo'' some smooth function h{ri), where S{^) denotes the Dirac measure on S^. 
The exactness of a is equivalent to h{r]) being a derivative, from which we see that the odd part 
of n-°°{2, N) is generated by S{^)dr]. 
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Example 3.2. [5D] Suppose that is a principal i?-bundle over a compact base M, and suppose 
we are given the smooth action of a Lie group G on N commuting with the principal iJ-action. 
Let -0 be a G-invariant connection form on N with curvature 5* — dip + ■^[ip, For any y G g, 
let '^{Y) = 'f — ijj{YN) denote the corresponding equivariant curvature. Since ^' G A^{N) is 
nilpotent, for any smooth function G C°°(()), the form 0(^'(y)) is given in terms of a Taylor 
series expansion about -0(1^)- Moreover, if is iJ-invariant, then 0(\E'(y)) is basic, and thus 
defines a smooth G-equivariant differential form on M. 

We obtain an _ff x G-equivariant differential form with generalized coefhcients S{X — '^{y)) 
defined on N by 

/ S{X -•^{Y))<j){X,Y)dXdY = vo\{H,dX) 1 (f>{-^{Y),Y)dY, (6) 

for any compactly supported G C°°{t) x g). (The form is smooth with respect to the variable 
Y G 0.) Using the fact that ^' is basic, we may define a corresponding form 6o{X — '^{Y)) on 
M by setting 

' So{X - ^{Y))cl>{X)dX = vo\{H, dX)</)(*(y)), (7) 



for any if -invariant (p G G°°(()). 

Example 3.3. The following example of an equivariant differential form with generalized coef- 
ficients is due to Paradan [15 1 [TB I IT ^ [2U] : 

Let iV be a G-manifold, and let A be a smooth, G-invariant 1-form on N. Define the 
corresponding A-moment map f\:N—>-Q*hy 

</A,e>=-<A,ejv>. (8) 

Then, on iV \ /^^(O), the form 

rOC 

f3{X)iX) = -^A / e^'^^^^Ut (9) 



Jo 

is well-defined as a G-equivariant form with generalized coefficients, and satisfies Df3\{X) ~ 1 
away from /^^(O). (Roughly speaking, (3{\){X) is the generalized coefficients analog of the 
smooth form j^^x) ^^^^ appears in the proof of the Duistermaat-Heckman formula.) 

Choose a G-equivariant neighbourhood U of fx^i^) in and let x & C°°{N) be a G- 
invariant cutoff function supported on U, such that x = f on a smaller neighbourhood contained 
in U. Define 

Px{X)^X + dx/\m- (10) 
Then Px is a closed equivariant differential form with generalized coefficients supported in U, 
and its cohomology class in H^°^{i),U) does not depend on the choice of cutoff function x 
[TS]. We note that PxiX) = 1 + D{{x — 1)/3{\){X)), so that Pa represents 1 in the generalized 
equivariant cohomology of N . 

Remark 3.4. Suppose that iV is a principal iJ-bundle equipped with an action of a Lie group 
G commuting with the _ff-action, and a G-invariant connection 1-form -ip. Define a 1-form v 
on TV X f)* by J/ =< £^,tp >, where ^ denotes the t)* variable. We may then construct the 
H X G-equivariant differential form with generalized coefhcients Pi,{X,Y) using a sufficiently 
small neighbourhood U N x {0}, and we have the following result from [20] : 

Lemma 3.5. Let q : N x i)* ^ N denote projection onto the first factor. Let ipi, . . . ,ipr denote 
the components of ip with respect to some choice of basis for t). If I)* is oriented with respect to 
the corresponding dual basis, then 

q.PAX,Y) = {2^if^"5{X vl;(y))_|^_^ (11) 
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for any {X,Y) G f) x g. 



4 The differential form J{E, X) G M) 

Let M be a smooth manifold, and let E C TA/ denote a given distribution. We suppose that 
E is co-oriented; that is, that its anihilator E^ is oriented. We suppose a Lie group H acts 
on M preserving E and the orientation on E'^, such that the action is transverse to E. Let 
z : ^ T*M denote inclusion, and let q : E^ ^ M denote projection. 

Definition 4.1. We denote by J'{E,X) E A^°° {i), M) the equivariant differential form with 
generalized coefficients given by 

J{E,X) = {2TTi)-''q,i*e'^^'-^\ (12) 

where k = rank . 

We note that i*D9[X) = dOo + fg„{X), where 6*0 = and fe^ : i?" ^ t)* is defined as in 
([5]). By the theory of oscillatory integrals in pU|, (|12p defines an equivariant differential form 
with generalized coefficients on M, since /-i(0) = T^A/ n = 0. (In the language of Berline 
and Vergne, the form eyiY>{DOQ{X)) is "rapidly decreasing in [)-mean" along the fibres of E^ .) 
We note also that the form J{E, X) is equivariantly closed: we have DJ{E, X) ~ 0. 

We now wish to proceed with a local construction of the form defined in (H^). Although 
the above definition suffices to obtain our results, the structure and properties of J{E, X) are 
revealed more clearly by this local description. 

Let J7 C Af be a trivializing neighbourhood for E^ , and let a. — (ai, . . . , ak) G A^{U) ® M*^ 
be a local oriented frame for E'^\ij. Given such a choice of frame, we define a map 

fa-U ^ Hom([),M'=) 

by fa{X) — —ol{Xm), for any X e f), where Xm is the fundamental vector field on M generated 
by X. The equivariant differential of a is thus Da.{X) = doL + fa{X) e A'^{U) (g) R''. 

Let So G C~°°(M'') denote the Dirac delta function on M'^. Since ||q;|| ^ on J7, the 
transversality assumption ensures that fa{m) is non-zero for all m E U . Thus, for any derivative 
Sq^\ the composition (Jq^' o /q-(to) is well-defined as a generalized function on t) (see [lOl IM]). 

The expression So{Da{X)) can be described in terms of its Taylor expansion as 

So{Da{X)) ^ 5o{da + f^{X)) 

= ± 'lliif^da^, 

|/|=o 

where for / = (ii, . . . ,ifc), II = i^l ■ ■ -ifc!, |/| = ii H \-ik, • • ■ (gf^) Sq, and 

da^ = daY A • • • A da^^ . 

Since 5a{Da{X)) is given in terms of the puUback of the Dirac delta function on R*^, its 
pairing against a test function on g depends on the map fa and hence does not admit a simple 
description such as ([7]) above. However, we can give the following representation of dQ{Dcx{X)) 
in terms of the inverse Fourier transform: 

5o{Dcx{X)) ^j:^ [ e-<«'^«(^)>d^, (13) 

where Dcx.{X)) = X^^Li {dctj + ctj{XM)) and = d^^ ■ ■ ■ d^'' with respect to the basis for 
(M.^)* dual to the one defined by the frame a.. 
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We now define an equivariant differential form with generalized coefficients on U by 

Ja{E, X) ^ ak A - ■■ Aai A So{Da{X)). 

Lemma 4.2. The form J^aiE,X) does not depend on the choice of oriented frame a. 

Proof. Suppose that j3 = . . . , (Hk) is another frame for E'^ on U defining the same orientation 
as ct. Then we have /3 = Aa for some matrix A with positive determinant, and so 

/3fe A • • ■ A /3i A SoiDl3{X)) = det(74)Q;fe A • • • A ai A SoiA{Da{X)) + dAAa) 

= Qffc A ■ • ■ A ai A SoiDa{X) + A^'^idA) A a) 
^ ak A ■ ■ ■ A ai A So{Da{X)), 

since det{A)do{Ax.) — Sq(x.) if det(^) > 0, and aj Aaj — for all j. □ 

Corollary 4.3. There exists a well-defined equivariant differential form with generalized coeffi- 
cients J'{E,X) whose restriction to any trivializing neighbourhood U <Z M is J'a{E, X). 

Proposition 4.4. The form J{E^ X) is equivariantly closed. 
Proof. In any local frame a we have 

DJ^{E,X) = {D{ak---a^))5o{Da{X)) 

k 

= • ■ ■ Da,{X) ■ ■ ■ ai)So{Da{X)) 

= 0, 

thanks to the identity UjSQ{u.) — ior j ^ 1 . . . k. □ 

Proposition 4.5. We have the following equality of equivariant differential forms with gener- 
alized coefficients on M : 

J{E,X)^J{E,X). (14) 

Proof. We prove (|14p by showing that it holds on any choice of trivializing neighbourhood U . 
Let N = U X (R*^)* denote the trivialization of the open subset q~^{0), and let ^ denote the 
coordinate on (M'^)*. Define a 1-form A on by A = — < ^, a >. It follows from the definition of 
the canonical 1-form on T*M that A coincides with i*9\n under the identification = q^^{U). 
Let , . . . , t*"' be the basis for M''' with respect to which we have ex = J2 '^jt'' ■ If C = with 
respect to the corresponding dual basis for (R*^)*, then we have A = — J2^'''^3! ^.nd thus 

DX{X) = ai A rf^i + • • • + afe A df'^- <^,dcx + >, 

whence 

Thus, using (fT3|) . we have 

J{E,X)\u = 9*e''''''^'"|r/ = / e^''^^^^ - Jo.iE,X) = J{E,X)\u. 

J(B'=)* 

□ 

This completes our local description of the form J'{E,X). However, for our proof of the 
index formula in the next section, we chose to use the recent index theorem of Paradan and 
Vergne for transversally elliptic operators, for which we will need the following: 
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Theorem 4.6. Let 9 denote the canonical 1-form on T*M, and define Pe{X) according to 
Example \ 3.3\ above. Then we have the following equality of differential forms with generalized 
coefficients on M : 

q,i*Pe{X) = {2Tnfj{E,X) - g,i*e'™(^). (15) 

Proof. Let A denote the 1-form defined on N = U x (M*'')* as above, and define Px{X) as in 
(jlOp. with X s^n arbitrarily chosen cutoff funtion supported on a neighbourhood of [/ x {0} in 
N . As in the proof of Proposition 14.51 we have 

DX{X) ^aiAdS} + ■■■ + ak^ dS^^ - <^,da + > . 

Let xiO be any arbitrary cutoff function supported on an open neighbourhood of 17 x {0} in 
N. The contribution to the integral of Pa over (M'^)* comes from the term of maximum degree 
in the d£,^ . We have 

poo 

Jo 

where dx(C) = E II (O^^^'^^d 

k 



k 

= {it)''ai A rf^^ A • • • A akd^'' + {itf~'^ ^ ai A A • • • A ajTui^^ A ■ ■ ■ A at A d^'' 

1=1 

+ terms of lower degree. 
We are thus interested in the top-degree part of dx{0 A Ae**^"'''^^, which is given by 

( E ^'^n I ~ E ^'"J I ^ ai A A ■ • • A aj^e A • • • A A d^] 



j=i / \ 1=1 



(*^)'"' I E I ai A A • ■ • A a'^ A . 



If we make the change of variables = then the top-degree part of —idx A A Q^tD\(x) 
becomes 



Integrating over (R*^)* and using (|13p . we obtain our result. □ 



Remark 4.7. We should remark that Theorem 14. 61 is proved in a more general setting in [TH 
Section 2.4]: Let V — > M be an _ff-equivariant vector bundle with compact base M, and denote 
by Ti^°°{i),V) the space of equivariant differential forms on V with compact support. Paradan 
shows that integration along the fibres of V defines a morphism ?i^°°(t), V) — > H°°([);M) that 
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extends to equivariant differential forms that are rapidly decreasing in f)-inean (such forms are 
defined in [4]). 

If A G ^^(V) is an invariant 1-form such that fx^iO) — M, then P\{X) defines a class in 
Ti.^°°{\),V), while the form g-'^D\(x) j-apj^ly decreasing in f)-mean. Proposition 2.9 of [16] 
states that integration of either form over the fibres of V results in the same cohomology class 
in Ti,~°°{i), M). While our result follows directly from this Proposition, we include the above 
proof since we are able to give an explicit local calculation on the level of differential forms. 

Remark 4.8. Let us consider the HxG equivariant form J{E, {X, Y)) in the setting of Remark 
13.41 where E C TN is the space of horizontal vectors with respect to the connection 1-form 0. 
By (HU, the form J{E, iX,Y)) is given by: 

J{E,{X,Y))^6{X~^{Y))-^'""'^' 



vo\{H, dxy 

and integrating over the fibres of tt : — + M, gives 

TT,J{E,{X,Y))^5o{X-m{Y)). (16) 

Now, the coefficients of the above equivariant differntial form ([T6l) are generalized functions on [) 
supported at the origin, whence the pairing of this form against a smooth function of arbitrary 
support is well-defined. Thus, given any invariant / G C°°{\)), we find using (fT6)) that 



ir^JiE, {X,Y))f{X)dX^ f{^>{Y)). 



I) 



As a result, the equivariant Chern-Weil characteristic forms can be obtained by pairing invariant 
polynomials on t) against the fibre integral of J{E, {X, Y)). 



5 Index formulas 
5.1 The general formula 

We wish to consider the following situation: suppose E C TM is a sub-bundle of even rank, 
and that a compact Lie group H acts on M transverse to E. We suppose given iJ-equivariant 
Hermitian vector bundles — > M, and an 77-equivariant morphism a : 7r*W+ — > 7r*W^, 
where tt : T*M — * M is the projection mapping. We suppose that our symbol a "depends only 
on in the following sense: we have the exact sequence of vector bundles 

> E^'^ — ^ T*M » E* > 0, 

and a is such that a = r*aE, for some symbol (Te ■ s*>V+ s*W^ , where s : E* ~> M denotes 
projection onto M . 

We note that if ctb is an elliptic symbol on E* , then the support of a is E'^, and the 
transversality condition on the action of H gives n T^AI — 0, which means that a is H- 
transversally elliptic, in the sense of Atiyah [Ij. We may then compute its equivariant index 
using the formula of Paradan-Vergne [20] : 

index^(a)(/.e^) = / (2..)- dimM(.) -^'(^^W' ^) Ch(a, h)iY)P,. (Y). (17) 

jT*M{h) Uh(jy,y) 

Let us recall the definitions of the terms appearing in the above formula. The 1-form O'^ is 
simply the restriction of the canonical 1-form on T*M to T*AI{h). The class Ch.{a,h) is the 
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"Chern character with support" defined by Paradan and Vergne [T71 [121 [20] ■ It is supported on 
Supp(cr), and constructed using the Chern character 

Ch,,(A,(T)(y) = Str(/iWe^"(^)), 

where A is a superconnection on the Z2-graded bundle W = W+ with no term in exterior 

degree zero, and ¥„{Y) is the equivariant curvature of the superconnection A + i ^ . We 

recah that the cohomology class of Ch/j (A, cr) depends only on the symbol a (see [4 , Section 
4.5), and note that this class coincides with that of Ch(cr, h) in an appropriate cohomology space 

[ni[TS]. 

Let V be an _ff-equivariant connection on TM . For any h E H, we have the decomposition 

TM\Mih)^TMih)(BJV. 

The connection V induces connections V° and on TM{h) and A/", respectively, with corre- 
sponding equivariant curvatures Ro{Y) and Ri{Y), for Y G i){h). We obtain the smooth, closed 
77(/i)-equivariant forms on M{h) defined by 

i^(M(;.),y) = det [ ^n.,y)l^tV-n.iy)/2 ) ' 
for Y G f)(ft.) sufficiently small, and 

Dh{M, Y) = det (l - /i^e-"i(^)) , 
where denotes the linear action induced by h on Af. 

Remark 5.1. We are allowing an abuse of notation in our statement of the formula ([T7)) above. 
The i/-equi variant index of a is an i7-invariant generalized function on H . The right hand side 
of the above formula in fact defines an i7-invariant generalized function indcx^((T)/i(y) on the 
tubular neighbourhood H 'XH{h) ^ H, where Uh is an open iJ(ft,)-invariant neighbourhood 
of in i){h). For smooth functions the equality f{he^) = fhiX) follows from the localization 
formula in equivariant cohomology, but in the case of generalized functions one must carefully 
check compatibility conditions using the descent method of Duflo- Vergne [8]. When the index 
formula of Berline and Vergne is used, this checking was done in [H [S]. Paradan and Vergne 
solve this problem in 20J by proving a localization formula in equivariant cohomology with 
generalized coefficients that allows the right-hand sides of (fT7)) to be patched together to give a 
generalized function on H . 

Our goal is to compute the pushforward of the formula p7)) on T*M to obtain a formula 
as an integral over M . Using a transgression argument similar to that in [191 Proposition 3.38] 
(see also jlS, Proposition 3.11], [TFl Proposition 2.6]), we have: 

Proposition 5.2. If the 1-forms a,P € A(T*M) agree on Supp((T), then the following equality 
holds m H-°°{t),T*M): 

Ch(a)(r)P„(y) = Ch{a){Y)Pp{Y). (18) 

Now, let W = >V+0W~ be a Z2-graded i7-equivariant Hermitian vector bundle, and suppose 
(Te ■ s*yV~^ s*W~ is an _ff-invariant elliptic symbol on E* C T*M. We let s continue to 
denote the restriction of s to T*M{h). If we let a = r*aE, then we have: 

Theorem 5.3. // the Lie group H acts on M transverse to the distribution E C TM , then the 
symbol a = r*aE is transversally elliptic, and the H-equivariant index of a is the generalized 
function on H whose germ at h G H is given, for Y G f)(/i) sufficiently small, by 

index" {a){he^)= [ (27:^r^^-'^^^^)^^W^J(^E{h),Y)s.CHoE,h:){Y). (19) 
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Proof. Since the symbol a is the puUback to T*M of the eUiptic symbol cte on E* , we have 
Ch{a,h) = r*(Ch(cri,ft.)). Denote by 6''' the restriction of the canonical 1-form 6* to T*Af (ft.). The 
restriction oias to E*{h) is again elliptic, and cr\T'M{h) has support E^{h). By Proposition l2.5i 
we know that the action of H{h) on M{h) is transverse to E{h) C TM{h), whence the restriction 
of a to T*M{h) is transversally elliptic. Moreover, since the action of H{h) is transverse to E{h), 
the form J{E{h),Y) is well-defined as an 77(ft)-equivariant differential form with generalized 
coefficients on M{h). We choose an 77-equivariant splitting T*M ~ E* (B E^ , giving us the 
commutative diagram 

T*M{h) 



E°{h) 





E*{h) 



M{h) 

Since 9^ and i*9^ agree on E^{h), we may use Proposition 15.21 to obtain 
Ch(a, h){Y)Pgu{Y) = r* Gh{nE, h)(Y)p*t* Pg.{Y) 
Using Theorem 14.61 and the commutative diagram, we see that 

r^p*i*Pe.{Y) = s*q^t*Pg.{Yj) - (2^i)-"'^^°('')s* y), 

and thus, 

t:, Ch{a, h){Y)Pgu{Y) = s,r, (r* Ch{aE, h)(Y)p*i* Pg^iY)) 
= {Ch{aE,h){Y)r,p*i*Pg4Y)) 

= (27ri)^""'^^%, (Ch(a£, h){Y)s*J{Eih), Y)) . 

By integrating over the fibres in P7)l and substituting the above, the result follows. □ 

Remark 5.4. Suppose V is some i/-equivariant vector bundle on M, and consider the symbol 
(TV = cr (g) Idv : TT*W~^ (8) V — + n*W^ ® V. Using the multiphcativity of the Chern character 
[181 [17], we have Ch(CTv) = Ch(CT) Ch(V). Since Ch(V) is a form on M, we obtain the following 
extension to [121 

Proposition 5.5. The H-equivariant index of a\; is given, for X G f) sufficiently small, by 

index^(av)(e^) = .^.^ f A\M,X)J{E,X)Ch{V){X)s,CH<jE){X), (20) 



(27ri) 



M 



with similar formulas near other elements h ^ H . 



5.2 Almost-CR structures 

We now wish to consider the special case where the sub-bundle E carries a complex structure. 
In these cases if we define our bundle W in terms of the bundle of differential forms on M , and 
make specific choices for the connection on TM and superconnection on W, the fibre integral 
of the Chern character can be computed explicitly, giving us a formula involving only J{E,X) 
and equivariant characteristic classes on M . 

Let rank£' — 2m (so that dim(A/) = 2m + k), and suppose that M is equipped with an 
if -invariant almost-CR structure E^C = Ei^ ©£'o,i. Using the same approach as in [9], we let 
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E* (E)C = ° © denote the decomposition of E* (^C induced by the alniost-CR structure, 
and take >V± = /\---"/°'^'' E°'^ as our Hermitian vector bundles. The bundle W becomes a 
spinor module for the Clifford multiplication c : — s- Endc(W), and we may take our symbol 

a : 7r*W+ ^ 7r*W- 

to be a{x,£,) — c{r{£^))x, which has support equal to i?". 

We equip Ei q with an _ff-invariant Hermitian metric, and i7-invariant Hermitian connection 
V. Letting denote the connection on W induced by V, we consider Quillen's superconnec- 
tion [21] 

A(ct) = 7r*V^ + M)^ (21) 
on 7r*W, where — 'o ) ' defined using the Hermitian metric, so that 

vUx,o = -\\pimiid. 

Let ¥{A{a)){X) denote the equivariant curvature of A{a), and define the equivariant Chern 
character 

Ch(A((T)) = Str(e^(^("»), 
where Str denotes the supertrace [HHI]. By [T71 Proposition 6.13], for any X G [), we have 

Ch(A((7))(X) = (2^j)2™ Td(i?i'", ThMQ{E*,X), (22) 

where T]if,jQ{E* , X) is an equivariant Thom form on E* defined similarly to the "gaussian- 
shaped" Thom form in [T5] . 

Similarly, let j : T*M(h) T*M denote inclusion of the /i-fixcd points. The Chern character 
on T*M{h) is given as in [4] by 

Ch,,(A(a)) = Str(;i- j*e^(*("»). 

The class Chs„p(cr, h) can be represented in calculations by the form 

c(A, a, x) = X Ch;,(A, a) + dxf3{K f^), (23) 

where x is a smooth cutoff function supported in a sufficiently small neighbourhood of Supp(cr) 
[TTlUn]- Moreover, the integrals of Ch/i(A(o')) and Ch((T, /i) over the fibres of E*{h) coincide in 
W-(f)(/i),M(/i)). 

We now consider the restrictions of the subbundles E* and E^ to M{h). Let A/J = N* fl 
(i?°|M(h)) and let = A/"* n (£^*|m(/i))- Let V = © Vi denote the decomposition of V on 

|m(/i) = E* {h)®Af^. If V)^ denotes the connection on W{h) induced by Vh, then when pulled 
back to T*M{h), the superconnection A{a) decomposes according to j*A{a) = Ah{a) ©7r*V]^, 
where A,,(cr) = 7r*V)^ + iv„\T-M{h)- 

Since the action of h on W(ft,) is trivial, we see that 

Ch„(A(a))(X) = Ch(A„(a))(X) Str(/i • e-*^^(Vi)(^))^ 

where F{'Vi){X) denotes the equivariant curvature of Vi. 
It was shown in that 

Stv{h ■ e-*^(^^)(^)) = detc(l - h ■ e-*^(Vi)(^)). 

The bundle Me carries a complex structure induced from that on E. Let D'^{Me) denote the 
form on M defined as above but using the complex determinant in place of the real determinant. 
Let J7 denote the complex conjugate of M, and note that the Hermitian metric allows the 
identification Af = JV* . Choosing a splitting JV = Afo © Me, we can write 

Dh{M) = Dh{Mo)D^{ME)Df,(j^), 
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while 

detc(l - h ■ e--*^(^i)(^)) = Ti*Df^(M*E) = ti*dI(^). 

Finally, we apply the decomposition ([22| to the Chern character Ch(Aft,(cr)) on E*{h), noting 
as well that 

A^iMih)) = A^{E{h))A^{TM{h)lE{h)) = TdiEih))Td{E*{h))A\E°{h)). 

We substitute all of the above into the formula and note that s^ThMQ{E* ,X) = 1 to 

obtain 

Theorem 5.6. Suppose that a compact Lie group H acts on M transverse to E <Z TM , and 
suppose that M is equipped with an H -invariant almost-CR structure E®<C — Ei^® Eq,i. Then 
we have 

mdex i.)ihe ) = j^^^J(l.^) Z?C(^^,y) J{m\Y)- (24) 

6 Examples 

6.1 Contact manifolds 

In [9j, the case of a compact, co-oriented contact manifold (M, i?), upon which a Lie group G acts 
transverse to E, was considered. Here, the anihilator E'^ is trivial, and a global non-vanishing 
contact form a G r(i?") may be chosen. 

Since do\E is symplectic, we can choose a compatible G-invariant complex structure J on 
i?, putting us in the setting of Section 15.21 with the added simplification of the trivialization 
i?" = M X M defined by the choice of contact form. 

The index formula of Theorem 15.61 is then 

index«(a)(/.e^) = / (2.^)-'=('^) ^^^^fi^ y), (25) 

JM(h) '-'h.V^^^I 

where 2k{h) + \ = dim M(/i). 

In the contact case, we may write J'{E{h),Y) — ahS(){Dafi{Y)), where ah = ct\]^.j(^fiy The 
properties of J'{E{h), Y) ensure that it is independent of the choice of contact form a. 

Remark 6.1. We note that in the special case of a Sasakian manifold, the Reeb vector field 
associated to our choice of contact form is Killing. Thus, the group of isometrics automatically 
provides us with an action transverse to the contact distribution. 

6.2 Almost contact manifolds 

The proof given in [9] relies on the additional structure one has on a contact manifold. In 
particular, it makes use of both the symplectic structure on the contact distrubution, and the 
trvialization of the anihilator line bundle. Since our proof dispenses with these assumptions, we 
can apply our index formula in a number of more general settings, such as that of an almost- 
contact manifold. 

We say (M, ^,ry) is an almost contact manifold if 77 G A^{M) and ^ G r{TM) satisfy 
77(0 = 1, and if G r(End(TM)) satisfies ip"^ ^ - Id+rj® C 

It is shown in ^ that one can always find a compatible metric g such that g{ipX, (pY) = 
g{X, Y) — r]{X)r]{Y). If a Lie group G acts transverse to E = ker{r]) and preserving the tensors 
if, ^ and 77, the results of Section [5.21 applv. since the ±i-eigenbundles of ip\E define an almost-CR 
structure. 
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Let V denote the Levi-Civita connection with respect to g. If {V x4>)X = 0, M is called 
a nearly cosymplectic manifold, and it follows that ^ is Killing and thus that the group of 
isometrics of {M, g) acts transverse to E. 

Remark 6.2. If one defines a two-form <I> by ^{X, Y) — g{X, (pY), then ?7A<I>" is a volume form 
on M (this is an alternative definition of an almost-contact structure). One could extend this 
notion to distributions of higher corank, by supposing the existence of 1-forms 771, . . . , 77^ and a 
2-form $ on a manifold of dimension 2n + k, such that 771 A • ■ • A 77^ A ^ 0; the formula of 
Theorem 15.61 would still apply, provided that the forms rji were i7-invariant, and not contained 
in TTjM. 



6.3 (Locally) free actions 

As mentioned in Remark 12.21 above . the case where ranki?^ = dimH corresponds to the simpler 
case of a locally free action. Here, the natural choice for our distribution E is the space of 
horizontal vectors with respect to some choice of connection on M, and the anihilator E° 
becomes the trivial bundle i?" = M x f)*. Using the notation of Remark l3.4[ we have the global 
expression 

J{E, X)^i;r--- i^MD^iX)) = • • • ^iSoiX - 
Let TT : M ^ B — M/G denote the quotient mapping. Let i^{X) denote the function 



= det 



_ g-adX/2 



adX 

We have the Schur orthogonality formula [20] 

5,{X - = j^{X) ^ Trr(e^)Trr*(e*), 



and the identity A^{M,X) = ji,{X)T:* A^{B). Since cje is defined on E* = tt*T*B, Ch(cr£;) 
is the pull-back of a form on B. From 23J, we have the formula 



O! — \S\a A vt) , 

M/H Jm 

where |5| is the order of the generic stabilizer, and Wf, — Yo\{H)^r ■ ■ ■ ipi- 

Combining the above, when the i7-action is locally free, we obtain the expansion 

index^(a)(e^) = — / A^M, X)s, CHaE){X)JiE, X) 

-ETrr(e^) (, / i^(M/i/)|^r^., Ch(a^) Trr*(e*) 

with similar formulas near other elements of H. By 23J, the expression 



(27r7) 



/ A\M/H)\Sr's,CHaE) 

' J M/H 



defines the index of ctb on the orbifold M/H. 
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6.4 Induced representations 

We now consider the following setting: Suppose G is a compact semi-simple Lie group, and _ff is a 
closed subgroup of G. We let M = G/ H ^ on which G acts transitively. Suppose t : H End(y) 
is a finite-dimensional, irreducible unitary representation of H. Denote by Vr — G y.r V the 
corresponding vector bundle over M. One may then define the induced representation ind^(T) 
of G on the L^-sections of V^- ^ M [TT] . The character of this representation is a generalized 
function on G. Berline and Vergne [3] gave a formula for this character as an equivariant index, 
as follows: 

Since G acts transitively on M, every differential operator is transversally elliptic, including 
the zero operator 

0, :ri2(V0 ^0. 

Its index, in terms of the Berline- Vergne index formula [11 [5] , is given near g G G by 

index«(0.)(ge^) = / i^2^,)-'^^^^^i9)^^l^^h^C\.,(Vr,X)e^^''^^\ (26) 

where 9 is the canonical 1-form on T*M, and 6^ denotes its restriction to T*M{g). 
The main result of |3j is the identity 

X(indg (T))(.g) = index^(0.)(g). (27) 

Now suppose that M — G / H is Hermitian; that is, we suppose that M is a complex manifold. 
We may equivalently write M = G'^ /P, where G*^ denotes the complexification of G, and P is 
a parabolic subgroup (We may, for example, take iJ to be a maximal torus T.) 

As shown by Bott [7], if r : 7J ^ End(t/) is a holomorphic representation of on a finite- 
dimensional complex vector space V, then Vr — G y.rV \s & holomorphic vector bundle over 
M = G/ H. In this setting we may define the "holomorphic induced representation" of G on 
the holomorphic sections of Vr, which we'll denote by hol-ind^(r), following pT| . 

The G-action on Vr induces a G-module structure on the cohomology spaces iJ'(M, ©(Vr)), 
where OiVr) denotes the sheaf of holomorphic sections of Vr. Bott showed that if r is irreducible, 
then the above cohomolgy spaces vanish in all but one degree, and that the non- vanishing space 
7JP(M, ©(Vr)) is an irreducible G-representation. The character of this representation can be 
computed using the equivariant Riemann-Roch theorem on the complex manifold M . If a 
denotes the symbol of the Dolbeault-Dirac operator on sections of W = /\T^'^M then the 
character of hol-ind^(r) is the index of the symbol (Tr = c ® Id on 7r*(W (2) Vr): 

X(h0l-indg(r))(,ge^) ^ index«(ar)(.9e^) = / (2.^)- dimM(,)/2 Td(rM(g), X) 

JM(g) ^g\J^-,^) 

The two cases given above represent two extremes of transversally elliptic symbols: the zero 
symbol in the first case, whose support is all of T*M, and an elliptic symbol in the second, 
whose support is the zero section. We may also consider the following intermediate possibility: 
we suppose there exists a G-invariant sub-bundle E C TA/, and a symbol whose support is 
E° C T*M. 

If G/H is Hermitian, then TAI — G x h i)^ , and t)^ is a complex vector space. We choose 
some complex, iJ-invariant subspace W oi t)-^, and let E ^ G W C TM . For example, if H 
is a maximal torus, then we may take to be a sum of root spaces. 

We are now in the setting of Section [5T^ above: E C TM is G-invariant and equipped with 
a complex structure. Since G acts transitively on M, the action is automatically transverse to 
E. We let W = /\E^'^. Suppose t : H ^ End(V^) is a finite-dimensional unitary irreducible 
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iJ-representation, and let Vr = G V. If we consider the symbol ar on 7r*(W (X) Vr), then 
Propositions 15.51 and 15.61 give 

index«(a.)(5e-) = / (2^^)- -""/^ T5f,^'^^f ^ "^Ia'VT^ ^/(^^(g)^ ^) Ch,(K, X). 

(28) 

As special cases, we have 

1. E ^ 0: This is the case of the zero operator on sections of Vt- We have = T*M, 
A/'o = AT, and A^e = {0}. If we let J{M,X) = (27ri)-'^™^7r,e*^^(^) denote the form 
corresponding to the zero section, then (pS)) becomes 

index«(0)(.9e^) = / ^^^^/fyf ^ Ch,(V., X) J(M(g), X) 

= / (2.,)-di.„M(,)^4W5)^Ch,(V.,X)e^™^W 

= x(indg(r))(5e^), 

by the Berline-Vergne character formula ([?7|) . 

2. E = TM: This is the case of the Dolbeault-Dirac operator on sections of /\T^'^M, 
twisted by the bundle Vt- In this case we have E^ = 0, and so No — {0}, Me — A/", and 
JiE,X) = 1, and thus ^ becomes 

index«K)(5e-) = / (2.^)----(«)/^I^^^^M ch,(V., X), 

and we recover the Riemann-Roch formula for the character of the holomorphic induced 
representation. 
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